Introduction.
In 1929 D. Pompeiu posed the following problem, which later became known in the literature as the Pompeiu problem. Let D be a bounded region in the jc^-plane, and let 2 denote the group of all rigid motions of the plane. Suppose that / is a continuous function on the plane satisfying
in particular, that the answer to the Pompeiu problem is yes when D is any polygonal region (Theorem 5.9) or any convex set with at least one "comer" (Corollary 5.12).
Studying the Pompeiu problem leads to another problem of a similar nature, whose solution also appears in Theorem 4.1. We shall refer to this as the Morera problem because of its relationship to the classical theorem of Morera. Let {F} denote a collection of rectifiable closed curves in the plane, and let / be continuous on R 2 . Suppose that, setting ? = x + iy, f /(?)rf?=o, ae2,re{r}.
Does this imply that / is an entire holomorphic function of ? ? Again, this implication is valid for some choices of {F} and not for others.
In [19] L. Zaicman observed that when D is a plane region whose boundary T is a rectifiable curve, then an affirmative answer to the Pompeiu problem for D implies, via Green's Theorem, an affirmative solution to the Morera problem for F. Our methods enable us to show that the converse is also true (Theorem 4.2). In addition, Zaicman gives, by methods similar to those of this paper, a solution to the Morera problem in the following interesting case. Let r^ and r^ be positive real numbers, and let {D consist of two circles of radius r^ and r^, respectively. Then (2) implies/is entire if and only ifr^/rd oes not belong to a certain countable set (which may be identified). "Two circle theorems" of this general type were first considered by J. Delsarte [5] , [6] . We refer the reader to [ 19] for an excellent account of the history of the Pompeiu and Morera problems and the related two circle theorems, as well as for further results along these lines.
The proof of our main result is based on the fundamental theorem of L. Schwartz on mean periodic functions of one variable. This seems to be a common ingredient in much of the work on these problems, particularly in the two circle theorems of Delsarte and Zaicman. In § 2 the necessary background material from the theory of distributions and mean periodic functions is assembled. Although all of these results are known, some of them do not seem to be readily available in the literature. Our main theorem (Theorem 3.1) is then proved in § 3 ; namely, it is shown that every closed, translationinvariant and rotation-invariant subspace of the space of continuous functions on R 2 is spanned by the polynomial-exponential functions it contains. The proof is carried out by means of a sequence of reductions which finally allow an application of the theorem of L. Schwartz.
Theorem 4.1 follows easily from the results of § 3 ; the remainder of § 4 consists primarily of applications of this theorem. In particular, the two circle theorems of Delsarte and Zaicman are proved. § 5 is devoted to finding explicit examples of regions and curves which give affirmative answers to the Pompeiu and Morera problems, respectively. The paper concludes with § 6, where we indicate how much simpler it is to, solve the Pompeiu problem if in (1) it is assumed that/is bounded.
Spectral synthesis in &(R n ) and C(R").
Let S(R") denote the space of all infinitely differentiable functions on R" with its usual topology, and S'CR") its dual space, the space of distributions with compact support in R" ( [9] , [18] ). The pairing between 8(R") and S'CR") is denoted by T(/) for/e &(R' 1 ) and T E S^R"), and for such / and T we denote by T * / the convolution of T and / as an element of 8(R '   1 ). The Borel measures ^ with compact support in R" will be identified with a subspace of 8'(R") via the formula ^(/) = f n f(t)d^(t).
We shall make extensive use of the theory of Fourier-Laplace transforms of elements of 8'(R"), so we include here a brief summary of these results. For details, see [18] or [9, Chapter , 1, § 7] . For TES^R"), the Fourier-Laplace transform of T is defined bŷ
where z=(z^ , . . . ^z^eC", x=(x^ ,. . . ,x^)GR" andz . x^z^x^ + • • • 4-z^x^. The Paley-Wiener-Schwartz Theorem [9, p. 21] identifies the space 8'(R") = {t : Te8'(R")} as the space of all entire functions F on C" such that |F(z)|<C(l + Iz^^^ , zee", .
for some constants A, C and N. Here (z |  2 = |z^ |  2 + • • • + |z^ |   2 and 1m z = (1m z^ ,. :. , Iw z^) is the imaginary part of z. S^R") is equipped with the topology which makes the mapping T -> T a topological isomorphism when S^R") is given the strong topology as the dual of SCR"). Convergent sequences in S^R") may be characterized as follows. ii) The inequality (3) holds for all the F. "with constants A, C and N independent of j.
For further details on the topology of8'(R' 1 ) we refer the reader to [7, Chapter 5 
The main result we shall use concerning &' is the following one, known as the "fundamental theorem of mean-periodic functions." Let C(R") denote the space of all continuous functions on R" with the usual topology of uniform convergence on compact sets. Although the Pompeiu and Morera problems were formulated in § 1 in terms of continuous functions, there is no difference, at least from the point of view taken here, if these problems are phrased in terms of infinitely differentiable functions. Similarly, the problem of spectral synthesis, which we shall discuss presently, may be phrased equivalently in either C(R^) or S(R 71 ). This is all a consequence of the following well-known proposition, which is proved by the standard smoothing procedure. Let us now consider the problem of spectral synthesis in ^(R"), following [17] . By a polynomial-exponential function we mean a function of the form f(x) = p(x)e iz ' x , xER", where p is a poly- The problem may be translated to a question about closed ideals in the ring ^(R") as follows. Given V and V^ as above, let V^resp.V^^TESW : T(/) = 0, /GV (resp., /eV^)} and I(resp.Io)={t : TEV^resp.TEV^)} .
The following proposition, then, represents a rephrasing of the problem of spectral synthesis. Proof. -Clearly I is a closed subspace of S 1 (R"). To prove I is an ideal, it suffices to show that, for every x G R" and T G I, the function f(z) = e 12^ T(z) belongs to I, since the exponential functions have dense linear span infi^R"). However,/is the Fourier transform of T_^ , the translate of T by (-x). Since V is translation invariant, so is V 1 , whence /^=I. Similarly, Ig is a closed ideal in S^R").
The last part of the proposition is a standard application of the Hahn-Banach Theorem. For I = IQ it and only if V 1 = V^, which happens precisely when V = VQ , since V and VQ are closed.
The ideal IQ can be given a more precise description. For I an ideal in §'(R"), let 1^ denote the ideal of all functions in §'(R' 1 ) which belong to I locally. That is, FGI^, if and only if for each ZQ GC' 1 there is a neighborhood U ofZo, functions F^ ,. .., F^ in I, and functions G^ , . . . , G^ holomorphic on U, such that
PROPOSITION 2.5. -lo == I/ocThis proposition is well known, although we have been unable to find an exact statement of it in the literature. The inclusion 1^. C 1î s not hard to verify. The other inclusion is more difficult, but the argument given in [10, pp. 199-200 As usual, for any multi-order a = (a, ,. .. ,<^) let D" denote the differential operator
.. 9xâ
Then if / is as above we have
hence we must prove that
Now, for every y € R" fy e v^ , where
Since every derivative of p is a limit in 8(R") of linear combinations of translates ofp, it follows that p^x) e 120 -' belongs to V. for every a, where
From the general Leibnitz formula [9, p. 10] we have for 1 < i < m,
But since T, € V 1 C V^ , (5) with T replaced by T, and p by /^ gives for all a,
Hence the left-hand side of (7) is zero for all i. Since (4) holds on U, we obtain (6).
Let T^IO and Jix z^EC". We must find a neighborhood U of ZQ , functions t^ ,. .. , 1^ in I and functions GI ,. . . , G^ holom orphic on U such that (4) holds on U. By [10, Corollary 63.6, p. 153] it suffices to find formal power series G^,..., Gî n z -ZQ such that (4) holds for some T^ ,.. ., t^ E I.
Consider the ideal 1^ generated by I in the ring \ of germs of functions holomorphic near ZQ . 1^ is finitely generated, since A^ is Noetherian, say be the germs at ZQ of the functions T\ ,. . . , t^ in I. We shall find formal power series Gi ,. . ., G^ about ZQ such that (4) holds for this choice of the t, .
Equation (4) in formal power series may be written as the system of equations in G^ , . . . , G^ given by
for all a. 
Now, the hypothesis of (8) implies that q(D) [S(z)]^ = 0 for all S E I, since T\ ,. .. , t^ generate I, . Thus (5) and the definition of I imply that the function q^e 10^ belongs toV, whence to V^ . But TEV^, so (5) gives the conclusion of (8), as asserted.
Thus the problem of spectral synthesis in S(R") may be reformulated as the problem of determining for which closed ideals I in S'(R' 1 ) it is true that I = 1^. In this framework the fundamental theorem of L. Schwartz cited earlier may be stated as follows.
Ideals invariant under rotations.
By Theorem 2.2' and Proposition 2.3 every closed, translationinvariant subspace of C(R) or S(R) is spanned by the polynomialexponential functions it contains. The analogue of Theorem 2.2' is not known for n > 1. However, in this section we prove that I = 1ŵ hen n > 1 and I is rotation invariant.
Notation. -Let T denote the group of all rotations of R 2 or C 2 , i.e., all transformations of the form r = TQ : z\ = ^i cos Q 4-z^ sin 6 z\ == -z^ sin 0+z^ cos 6 , -TT < 9 < TT .
Thus T is a subgroup of 2, the group of rigid motions of R 2 .
Remark. -The same theorem is true for &'(R"), n > 0, if the group of rotations T is replaced by the group SO (71) of orthogonal transformations of R 71 with determinant + 1. The applications of Theorem 3.1 in § 4 can also be modified accordingly.
The theorem will be proved by reducing it to Theorem 2.2. We first make some preliminary reductions.
It is routine to check that J is an ideal in ^(R 2 ), and J is closed since I is closed. Since I is invariant under the rotations r, it follows that 1^ and J are also invariant under rotations. 
where g is an entire function on C 2 . Furthermore, iffG&^R 2 ) then so is g. Thus g E J, and the proof is complete.
Proof of Theorem 3J. -We shall show that 1 G J, which will complete the proof. 
Since 7 C&'(R 2 ), (10) shows that F^Eg'(R). 
The Pompeiu, Morera, and mean-value properties.
Let us say that a family ^ C S'(R 2 ) has the Pompeiu property if for / E 8(R 2 ), T(/ o a) = 0 for all T C g and a G 2 implies / = 0. Thus the results of Pompeiu and Christov cited in § 1 state that area measure on a triangle or parallelogram has the Pompeiu property. We shall say ^ has the Morera property if for/ E S(R 2 ), T(/ o a) = 0 for all T G^ and or G 2 if and only if/is an entire holomorphic function of ? = x + iy. We shall apply Theorem 3.4 to characterize those families ^ C &'(R 2 ) which have the Pompeiu and Morera properties and those whose annihilators in the above sense consist only of harmonic functions. As was pointed out in § 1, verification of the Pompeiu and Morera properties are related in some cases.
For TGg^R
2 ) and rGT, let T^ be the distribution defined by Suppose ^ has the Morera property and
T^(/) = T(/o T~1), /€ §(R 2 ). A subset g of S'(R 2 ) will be called rotation invariant if T^ G ^ for all T G ^ and r G T.
for all T E g, whence for all TG 9*. Then writing t(z) = (z^ -iz^) S(z), Tey, we obtain
But in view of (5) this says the function p(x , y) = x is in V, contradicting the assumption that ^ has the Morera property. Similarly, assuming that M^ C Z and We conclude that pQc, y) = x 2 is in V. Thus in iii), b) implies a).
Let H be the subspace of S(R 2 ) of all entire holomorphic functions of?. By Theorem 3.4 H is spanned by the polynomial-exponential functions it contains. But if pf^ GH for some polynomial p and z G MQ , then p G H. Moreover, setting z^ = ^ and differentiating/ŵ ith respect to z^, one obtains the function ? exp iz^, and it is easy to see that this differentiation converges in §(R 2 ). It follows that H is generated by the functions f^ with z E MQ . (7)), we obtain
Since by i)
{SGS'(R 2 ) : t(z) = (z^ -<z^)S(z) for some Te^}
has the Pompeiu property, we conclude that p satisfies the CauchyRiemann equations 9p bp -+^-=0. ox oy Hence V C H, so 3 has the Morera property. Finally, assume that b) of iii) holds. As shown above the space H is generated by{/^ : zGM^}, hence also the space of conjugates of functions in H is generated by {/^ : zGM^}. Thus the space of harmonic functions on R 2 is generated by {/^ : z EMg}, so that assumption that MQ C Z implies V contains all harmonic functions. For Teg*, let R, UEg'(R 2 ) such that
Then by i) and ii) {R} has the Morera property and {U} has the Pompeiu property. If pf^ E V for some polynomial p and z G MQ , then the Leibnitz formula gives SPECTRAL SYNTHESIS AND THE POMPEIU PROBLEM 139
Thus --i --is analytic, so the Cauchy-Riemann equations imply 9x 9y
Thus p, whence p/^ , is analytic or conjugate-analytic, according as ZQ €MQ or MQ. Hence V consists entirely of harmonic functions, so b) implies a). This completes the proof.
As a first application of Theorem 4.1 we arrive at an interesting equivalence of the Pompeiu problem for domains in C whose boundaries are rectifiable closed curves and the Morera problem for such curves.
Notation, -Let D be a domain in the complex plane and let F be a rectifiable curve. We denote by ^ area measure on D and by i/r and a? the measure d^ and normalized linear measure on F, respectively. If D is the disk and F the circle of radius r about the origin, we denote jn^, v^ and Op by ^, Vy, and Gy, respectively. One completes the proof by applying i), ii) and the last assertion of Theorem 4.1, since /x^ > 0.
Remark. -This theorem also follows from Green's Theorem and the fact that given /CC(R 2 ) there exists uCC(R 2 ) such that Qu . 3^ _ 9x 9y
Note that area measure on a disk does not have the Pompeiu property, and thus d^ on a circle cannot have the Morera property. Indeed, the reason for this, as we shall now show, is that since the disk is rotation invariant all rigid motions of the disk are obtained by translations. contradicting the assumption concerning the support of ^.
Althouth, as noted above, area measure on a disk does not have the Pompeiu property, we have the following "two circle theorem", which was refferred to in § 1. Similarly we can obtain a recent result of S.P. Ponomarev [15] on the Morera problem. nW^QoO).
Proof. -If SQ denotes the unit point mass at the origin, then we have from equation ( The proof is completed as before by applying Theorem 4.1.
Remark. -Using asymptotic properties of J^ Delsarte has shown that the exceptional set in Theorem 4.6 is finite.
The following version of Delsarte's theorem using area measure appears in the paper [19] of Zaicman. ii) r^/r^Q.
Proof. -Equation (14) In this section we shall make some specific calculations which, together with Theorems 4.1 and 4.2, show that various measures have the Pompeiu or Morera property. As a first example we consider an elliptical region. We preserve the notation established in § 4. . AD^I -^2) = ---7===f=^
It is then easy to see that pi(0) ^ 0 and JJL cannot vanish identically on any M^, a ^= 0, so the theorem follows.
The remainder of this section is devoted to exhibiting a class of measures which have the Pompeiu property and which includes the measure jLip if D is, for example, any polygonal region. The proof will be based on some estimates of the growth of Fourier transforms on certain curves in the manifolds M^. Namely, we let z = (z^ , z^) vary on the manifold M^ in such a way that
Observe that the square root is chosen so that the last equation holds and that for all t, (z^ , z^)E M^ if a ^= 0 and (z^ , z^) E M^ for a = 0. As a consequence of these corollaries we can settle the Pompeiu and Morera problems for polygonal regions and their boundaries.
